Abstract. In this contribution, some aspects of the mechanical behavior of friction pendulum (FP) isolators are investigated from a numerical point of view. Attention is focused on the distinctive features observed in FP bearings when subjected to multi-directional excitations like those occurring in a real earthquake scenario. Due to the peculiarities related to the kinematics of the device and the curvature of the sliding surface, neglecting the bi-directional interaction and considering a uni-directional idealization would lead to underestimate the displacements expected during seismic events and to overestimate the dissipative capacity of the isolator accordingly. Furthermore, the resultant horizontal force of the FP bearing may differ markedly from what expected (and predicted by most numerical models) in the uni-directional case. This deviation is mainly ascribed to the geometrical features of the device itself. Additionally, the force-displacement behaviour of the FP bearing depends upon the coefficient of sliding friction, which is not constant as postulated by the simplified Coulomb model but varies during the course of an earthquake with sliding velocity, vertical load and, above all, repetition of cycles and consequent heating phenomena arising at the sliding interface. Among these effects, frictional heating has been recognized as the most important factor that affects the FP maximum displacement because it may induce significant friction degradation, consequently it should be properly considered in a truthful model of the FP bearing via a sophisticated coupled thermo-mechanical analysis.
INTRODUCTION
In the last decades, the Curved Surface Slider (CSS), also known as the Friction Pendulum System TM (FPS) [20, 18, 9] , has been extensively and increasingly adopted as base-isolation strategy of buildings, bridges and industrial facilities. The worldwide popularity of the FPS is mainly due to the attractive features of FP bearings as compared to other isolators (e.g. elastomeric bearings) having similar characteristics. Among others, it is worth recalling the following factors that have contributed to the success of this technology: i) inherently low vibration frequency even when the mass pertaining to each isolator is not particularly high since the natural period primarily depends on the radius of curvature of the concave sliding surface rather than on the supported mass; ii) large displacement capability, limited only by the in-plane geometric dimensions of the device; iii) compact shape with considerably lower thickness than the elastomeric devices, a feature that makes them appealing for seismic retrofitting of existing structures; iv) theoretically zero residual displacements owing to the self-centering action induced by the pendulum operating principle; v) quite stable energy dissipation mainly controlled by the tribological properties of the sliding interfaces, a field on which material science has made significant progress in developing high performance materials with enhanced durability, mechanical and physical characteristics, see e.g. [12, 15, 19] .
Besides these advantages, experimental investigations on FP bearings have shed light on their highly complex, nonlinear mechanical behavior, especially when tested under multi-directional paths like in a real earthquake scenario [5, 13, 14, 10, 16] . Nevertheless, some aspects recorded in experiments are not properly addressed in existing codes and typically neglected in structural models, based on extreme simplification of the device behavior. A few sources of this nonlinearity and the causes for such a complex mechanical behavior of FP bearings are discussed and analyzed in this paper.
In its single concave configuration, cf. Fig. 1 , the FP bearing is composed of a primary, lower sliding surface made of polished stainless steel and having a concave profile with curvature radius R, which determines the natural period of vibration and allows the horizontal movement according to the pendulum operating principle, and an upper steel plate featuring a secondary concave sliding surface via an internal semi-spherical articulation of radius r, the latter permitting the rotation and assuring the kinematic compatibility of the overall motion. In between these two opposed surfaces a lentil-shaped articulated steel slider is placed, whose upper and lower external surfaces are both convex-shaped so as to match the two concave profiles described above. These two external surfaces of the slider are coated with a pad of material having specific frictional properties, typically high-bearing-capacity polymer composites like polytetrafluoroethylene (PTFE, Teflon r ), PTFE-based composites with fillers or other enhanced variants of thermoplastic, self-lubricating polymers such as ultra-high-molecular-weight polyethylene (UHMWPE). It is worth noting that the coefficient of friction plays a key role in dissipating seismic energy and limiting accelerations and displacements induced in the isolated structure. As will be shown in this paper, special care should be taken to the technological design and manufacturing aspects not only of the primary sliding surface, but also of the secondary rotation surface, indeed also the latter surface affects, to some extent, the overall energy dissipated by the device. Recent progress achieved in the development and improvement of materials along with sophisticated lubrication techniques have permitted manufacturing FP bearings with very small dynamic friction coefficients, down to the order of ⇡ 1 ÷ 5% [5, 14] . The FPS is sometimes presented in an upside-down configuration as compared to Fig. 1, i .e., with the primary sliding surface on the top rather than on the bottom, however this different geometric layout does not affect the mechanical behavior of the device as a whole. Regardless of the geometric variants, the single CSS and the more recent advancements in double [9] and triple [19] CSS alike are highly flexible devices in the horizontal direction and stiff in the vertical one. The goal of this paper is to examine, from a numerical point of view, some aspects of the mechanical behavior of FP bearings. Attention is focused on the distinctive features observed in FP bearings when subjected to multi-directional paths like in a real earthquake scenario. First, we overview the simplest mechanical model based on the unidirectional idealization in conjunction with the Coulomb-type friction model (i.e., a constant value of the friction coefficient is assumed). Then, we critically identify the reasons why the above simplistic idealization fails to capture the actual hysteretic behavior of the FPS as recorded experimentally. To this aim, a 3D finite element (FE) model is set up in order to simulate the mechanical behavior of a real FP bearing. The examined isolator was tested at the Caltrans SRMD testing facility at the University of California San Diego (UCSD) [13, 14] . Reference experiments concern cloverleaf bi-directional tests under three different vertical loads. Also monodirectional tests with the single cloverleaf components were performed, and simulated in the FE model accordingly, in an attempt to highlight the salient differences in comparison with the bi-directional counterpart. Some interesting remarks arise from the critical analysis of the numerical results: the developed FE model allows us to closely analyze the kinematics of the FP isolator, to assess the contact force distribution between the sliding surfaces and to compare the force-displacement hysteretic loops under bi-directional and mono-directional excitations.
UNIDIRECTIONAL MODEL WITH COULOMB FRICTION
The simplest model describing the mechanical behavior of FP bearings is based on the assumption of constant value of vertical load and constant value of the coefficient of sliding friction (Coulomb simplified theory). According to what summarized in the previous section, the FPS incorporates in a single device both the re-centering action, which is due to the curvature of the sliding surface, and the energy dissipation by friction: indeed, as the slider displaces over the concave primary surface, a continuous re-centering force is provided by the gravity load of the supported mass based on the pendulum operating principle and, simultaneously, the frictional force opposes the motion of the slider thus dissipating hysteretic energy. Therefore, the mathematical model describing such mechanical behavior is the simple bilinear force-displacement curve depicted in Fig. 2 . More specifically, the pendulum mechanism would make the natural period (and the stiffness alike) of the FPS uniquely dependent on the sliding surface radius. The restoring (re-centering) force, directed towards the geometric centre of the concave sliding surface throughout the isolator motion, is expressed as follows, cf. Fig. 2b )
where, with reference to the schematic kinematic analysis sketched in Fig. 3 , R eff = R + d is the so-called effective radius of the pendulum that accounts for the dimensions of the slider (d = r h) [9, 13] , N is the vertical load acting on the FPS and ✓ is the rotation angle associated with the horizontal (radial in 3D) displacement u, which identifies the position of the slider. From Eq. (1) it is found that the lateral stiffness K r associated with the restoring force is a function of the vertical load and the isolator geometrical characteristics. Under some simplified hypotheses (frictionless contact, zero deformation of the slider and negligible rotations of the top and bottom plates as compared to the angle ✓), the horizontal and vertical displacements can be expressed through the following closed-form relations, respectively [13] 
The upper plate of the FPS (together with below semi-spherical articulation) moves along a circular (spherical in 3D) surface of radius R eff . For the usual dimensions of the slider in commercially available FPS the effective radius is R eff ' 1.08 ÷ 1.10R, which implies that neglecting the dimensions of the slider in computing the curvature radius of the sliding surface would lead to an overestimation of the restoring stiffness of approximately 10% [13] (the expected displacements of the device would be underestimated accordingly). In reality, the frictional contribution slightly modifies the simple pendulum mechanism described by Eq. (1). According to the simplified Coulomb theory for sliding bodies, the friction force opposes the sliding motion and is expressed by the product of the friction coefficient µ and the vertical load acting on the isolator, cf. Fig. 2a )
whereu represents the sliding velocity and sgn(·) is the signum function so that F f = ±µN depending on whetheru is positive or negative, respectively. The combination of the restoring contribution (1) and the frictional contribution (3) yields the following unidirectional rigidplastic hysteretic model for the total horizontal force [20] , cf. Fig. 2c )
If some specific geometric and mechanical conditions regarding the isolation system are met, an equivalent linear visco-elastic model can be assumed [1, 7] . The nonlinear behavior shown in Fig. 2c ) is thus converted into an equivalent linear one as if a simpler spring-damper system could reflect the FPS hysteretic behavior. The equivalent linearized behavior is characterized by a so-called effective stiffness and an effective damping 1 expressed as, respectively
and the effective natural period of vibration may easily be calculated from (5) as follows
where N d and u d are the "design" vertical load (mass of the superstructure multiplied by the acceleration of gravity g) and displacement, respectively. Typical values of the effective damping range from 10% up to 30 40%, mainly depending on the friction coefficient of the lining material, the curvature radius and the design displacement. By inspection of Eqs. (5) and (6), the following four remarks arise:
1. both the parameters K eff and ⇠ eff depend on the displacement, consequently an iterative procedure should be applied in which a design displacement, say u 1 , is assumed as firstattempt value, the relevant stiffness (and corresponding natural period) and damping values are computed through Eqs. (5) and (6), then a new spectral ordinate in terms of displacement, say u 2 , is identified from the response spectrum for the maximum considered earthquake, with u 2 6 = u 1 in a general case, hence the procedure is carried on iteratively by adjusting K eff and ⇠ eff with the new displacement u 2 until convergence is achieved;
2. the effective stiffness linearly depends on the vertical load: this makes the stiffness centre and mass centre of the isolation system coincident, thus nullifying the torsional effects about the vertical axis, moreover the natural period imposed to the superstructure is not affected by the supported mass as emphasized by Eq. (6);
3. the linear visco-elastic idealization implicitly assumes, in the expression of K eff and ⇠ eff , that the friction coefficient remains constant throughout the seismic event, which is not true as better clarified in the following subsection;
4. the K eff and ⇠ eff parameters arise from a simple unidirectional idealization of the FPS behavior, whereas multi-directional excitations actually occur in a real earthquake scenario.
The last two aspects may induce significant numerical errors and may lead to wrong outcomes in terms of forces, displacements and energy dissipation prediction as better clarified in the following subsection.
Critical remarks on the unidirectional model with Coulomb friction
The simplified rigid-plastic idealization given in Eq. (4) is based on the assumptions that: 1) N is constant; 2) µ is constant; 3) the device motion is unidirectional or, equivalently, the horizontal response is uncoupled in two orthogonal directions. Unfortunately, such idealization is not appropriate in most cases and the underlying assumptions cannot reflect the actual hysteretic behavior of FP bearings measured in experimental tests. In this regards, a few observations and critical remarks are made in this subsection to justify this statement.
First of all, it is worth noting that the vertical load acting on a FP bearing in an isolation system evolves during an earthquake due to the feedback (dynamic interaction) exerted by the superstructure when subjected to the vertical and horizontal shaking. This leads to a rocking behavior, normal force fluctuations and consequent continuous changes in both F f and K r (implying changes in the restoring force F r as well). Therefore, both the terms in Eq. (4) vary over the course of an earthquake, which is not considered in the effective parameters introduced in Eqs. (5) and (6) and adopted in most building codes and seismic standards (see e.g. [1, 7] ).
Second, in principle the lining material coating the upper and lower surface of the slider, cf. again Fig. 1 , should be selected such that guarantees stable and reliable frictional behavior under a range of contact pressures, sliding velocities and temperatures typically arising in seismic service conditions. Additionally, it should be able to provide adequate load bearing capacity, minimum wear and degradation due to ageing, travel and accumulated movements, and should be characterized by a melting temperature well above the maximum temperature experienced in seismic conditions. Unfortunately, friction degradation and wear in thermoplastic materials are rather complex phenomena that are actually affected by operating conditions. This is why it is widely recognized that the friction coefficient evolves over the course of an earthquake. More specifically, a plethora of studies have been presented in the literature addressing the dependence of the friction coefficient upon contact pressure, sliding velocity and repetition of cycles that induces temperature rise at the sliding interfaces, see e.g. [3, 5, 9, 10, 11, 13, 14, 17] just to quote a few. The common backbone of these studies is to alert the structural designer against oversimplification of the FPS behavior at the modeling stage. A concise yet effective overview of the variability of µ with the operating conditions occurring during an earthquake is provided in [8] . For instance, the sliding velocity affects the friction coefficient as a result of the viscous nature of the PTFE-type composite used for the liner. A simple and widely recognized expression, incorporated in a few software codes like SAP 2000 [4] , is that proposed by Constantinou et al. [5] 
where µ max and µ min are the coefficients of friction at large and very low sliding velocity, respectively, and ↵ is a constant (for given bearing pressure) determining the shape of the relationship. According to (7) the coefficient of friction increases with increasing sliding velocity up to a constant value reached at a specific velocity threshold (approximately 130 mm/s in [5] , a bit lower namely about 25 mm/s in [16] ). Quite similar exponential relationships to Eq. (7) have been developed by researchers to describe the dependence of µ upon contact pressure [11, 14] as well as upon heating of the sliding interface [11, 17] or, equivalently, some related parameter quantifying the energy dissipated over the repetition of cycles [10, 14] . In particular, the coefficient of friction decreases with increasing pressure and approaches a constant value at high pressure values and, similarly, progressively reduces with the distance traveled due to frictional heating. Therefore, the friction force reported in (3) and (4) should be corrected as follows
where it is emphasized that the friction coefficient to be implemented in FPS models is a function of the vertical load (or contact pressure), sliding velocity and temperature. Third, earthquake excitations are generally multidirectional but the model described in (4) assumes the FPS response is uncoupled in two orthogonal directions. On the contrary, experimental investigations [10, 13, 16] have demonstrated that there exists significant coupling between the orthogonal components of the FPS response (bi-directional interaction). Indeed, for bi-directional motion the displacements and forces across the isolator are expressed by vec-
and the force-displacement relationship is expressed as
from which Eq. (4) is retrieved for the special case of a uni-directional excitation. The in-plane motion of the slider is sketched in Fig. 4 along with the force components entering Eq. (9). At any instant of time, the slider interface undergoes a displacement increment in the direction specified by the angle v with respect to the x-axis, with v = arctan(u y /u x ). The direction of frictional forces is the same as that of the displacement increment defined by v (and depends on the magnitude of the instantaneous velocity kuk = pu 2 x +u 2 y ), whereas the line of action of the restoring (re-centering) force is radial, i.e., is parallel to the vector OC at any time instant, with O being the center of the isolator and C the center of the lower interface of the slider. For a reference axis system with origin at the center of the isolator as that shown in Fig 4, the direction OC can be represented by the angle u = arctan(u y /u x ). Finally, the direction of the total force is identified by the angle f = arctan(F y /F x ). From Fig. 4 it emerges that an angular shift exists between the directions of the velocity vector and the force vector, namely = v f . Indeed, the restoring force component gives rive to deviations of the total resisting force with respect to the active seismic force that is directed along the traveled trajectory (or instantaneous velocity). We notice that these deviations would be zero both under uni-directional excitations (because in this case the restoring force would be parallel to the traveled trajectory) and under general multi-directional excitations but flat (not concave) sliding surface (because in this case the restoring force would cancel out as R eff ! 1 in Eq. (9)). Moreover, by comparing Eq. (9) with Eq. (4) it is found that neglecting the orthogonal coupling in bi-directional excitations leads to an underestimation of displacements and an overestimation of forces (and dissipation of energy), thus implying that the design of the overlying isolated 
structure would be carried out in a nonconservative (unsafe) manner. It is concluded that in the majority of cases uni-directional analyses are not capable of capturing the actual seismic response of the FPS.
NUMERICAL FINITE ELEMENT MODEL
Among the research contributions in the field of finite element modeling of FP bearings, one of the pioneering work is that of Tsai et al. [18] , who successfully developed a general 3D FE formulation including local bending moments at the bottom of the isolator and vertical force variation, the latter aspect being of significant importance for a correct friction force calculation. From this research work on, later contributions in the relevant literature have been focused on the development of predictive models for the determination of the dynamic friction coefficient as well as for the identification and description of the physical phenomena connected to friction degradation (or friction evolution) under seismic events.
Along this research line, this contribution aims at investigating the mechanical behavior of FP bearings through a 3D finite element model. A real, full-scale (single concave) FPS is addressed in this paper that was tested at the Caltrans SRMD laboratory at the UCSD [13] . With reference to the symbols defined in the sketch of Fig. 1 , the analyzed FPS is characterized by the geometric dimensions reported in the following Table 1 .
Simulated testing protocol
The testing protocol performed in [13] and simulated in the FE model of this paper concerns bi-directional tests following a cloverleaf path (sometimes abbreviated as CL in the sequel). The test specifications are reported in Table 2 : the first three tests, namely CL#01, CL#02 and CL#03, involve a bi-directional motion of the FPS, whereas tests labelled as CL#04 and CL#05 regard mono-directional excitations consisting in the single cloverleaf longitudinal and lateral components, respectively. This allows a consistent comparison between the bi-directional and mono-directional response of the FPS.
The cloverleaf displacement pattern is depicted in Fig. 5 together with the individual longitudinal (along the x-axis) and lateral (along the y-axis) components. A starting and an ending branch of limited amplitude were also applied to the FPS during the experimental campaign [13] : these branches, introduced to avoid the impulse effects due to high accelerations induced at the beginning and at the end of the tests, are here neglected as they are of no practical importance for a numerical investigation. Three different vertical loads are investigated, corresponding to contact pressures equal to 15, 30, and 60 MPa. 
Finite element model and assumptions
The FPS analyzed in this paper has been modeled through the FE code ADINA [2] , employing 3D-solid (hexahedral) elements equipped with 20 nodes per element (i.e., quadratic shape functions are adopted throughout to better describe the kinematics and the contact conditions of the model). The number of FEs has been chosen after a preliminary mesh sensitivity study to assure an accurate FE solution. The total number of FEs and the final mesh is illustrated in Fig. 6a ) and is composed of 8820 elements and corresponding 42325 nodes, each node having three degrees of freedom (DOFs), namely the three translations with respect to the Cartesian axis system shown in the figure. Note that the upper steel plate rigidly connected to the semispherical articulation (cf. Fig. 1 ) is not included in the FE model as it is does not affect the results. Large displacement formulation is assumed; additionally, the (very small) deformability of the plate components has been accounted for by including the elastic properties of steel (E = 200 GPa, ⌫ = 0.3), whereas PTFE pads have been assumed with elastic isotropic material having E = 1.5 GPa, ⌫ = 0.46. Contact conditions between interfaces have been implemented through the constraint function method [2] . For each contact pair that may come into contact during the solution, so-called target and contactor surfaces are defined as reported in Fig. 6b ): at each time instant, the constraint equations are imposed such that the nodes belonging to the contactor surface cannot penetrate the corresponding nodes lying on the target surface (the prevented motion is that along the direction specified by the normal vector to the target surface). The FPS is fixed on the lower face of the lower steel plate, and the loading condition is applied by means of a constant vertical load (in the z-direction) in conjunction with a history of horizontal displacements, i.e., the bi-directional path shown Fig. 5b ) and applied to the x-and y-direction. The duration of the experimental test (purged of the starting and ending branches) was approximately 25 s, which corresponds to peak velocities equal to 90 mm/s and 45 mm/s in the longitudinal and lateral direction, respectively. In the FE model, the time is discretized in 200 equally spaced time steps.
Preliminary results may be obtained by implementing a constant friction coefficient according to the simplified Coulomb theory. To highlight some interesting aspects observed in the FPS response under bi-directional excitation, a constant friction coefficient is first assumed. More refined results will be presented next by incorporating the variability of µ with the sliding velocity and temperature according to Eq. (8) via a specifically developed subroutine. Following the experimental findings reported in [13] , the friction coefficient has been set equal to µ = 0.11, 0.06 and 0.03 for the three contact pressures of p c = 15, 30, 60 MPa, respectively. 
Results obtained by the simplified Coulomb friction model
The main results of the FE analysis are here presented and discussed. Due to the rotation of the slider occurring concurrently with the translation induced by the semi-spherical articulation, the displacement of the centre of contact surface 2, i.e., the point P 4 on the lower face of the slider in Fig. 6b) , is lower than the displacement imposed on the top of the isolator, point P 1 . The relevant trajectories computed for the test CL#02 are compared in Fig. 7 : more specifically, the maximum displacement of the point P 4 is approximately 10% lower than that of the point P 1 , i.e., u By closely analyzing the trajectories we note that, if the vertical component of motion is neglected, most of the energy introduced into the system is expended to make the slider translate up to the maximum values u x4 and u y4 , however a small remaining part is spent to guarantee that such translation is compatible with the curvature of the above semi-spherical articulation having radius r. To this aim, a relative displacement occurs between contact surface 3 (belonging to the slider) and contact surface 4 (of the semi-spherical articulation), with the former moving relative to the latter in a direction opposed to the overall isolator translation. This relative displacement can be quantified by computing the relative displacement P 23 between points P 2 and P 3 . For the analyzed isolator the displacement of the point P 3 , u x3 ⇠ = 169 mm and u y3 ⇠ = 85 mm, is nearly 15% lower than that of point P 2 , which in turn coincides with the displacement imposed on the top of the isolator (point P 1 ). The relative displacement P 23 generates contact force transmission between the two sliding surfaces, thus dissipating further energy. As a result, the energy introduced into the system is dissipated via a twofold mechanism, consisting in the slider translation along the primary sliding surface and the slider rotation along the secondary surface. Therefore, in the manufacturing process it is important to pay attention to the lubrication and tribological properties of both the sliding interfaces. In Fig. 7 we also report the trajectory of the centroid C f of the total contact force F whose x-and y-components are given in (9) . The coordinates of such point C f at each time instant are computed based on the distribution of the nodal forces f
whose vector plot at a generic time step is depicted in Fig.8 . The C f trajectory slightly deviates from that of the slider (point P 4 ) with differences mainly observed near the points of motion reversal. It is worth noting that if the sliding surface were flat (not concave), a uniform distribution of the contact forces would be found and the centroid C f would coincide with the centre of the slider P 4 throughout the system motion.
In addition to the trajectory of C f , it is interesting to evaluate the angle f = arctan 2 (F y , F x ) formed by the total force vector with respect to the x-axis, and compare it to the angle v = arctan 2 (v y , v x ) formed by the velocity vector (tangent to the traveled cloverleaf trajectory at each time instant), where arctan 2 is the two-arguments arctangent function taking into account which quadrant the solution is in. In so doing, we can identify and quantify the angular shift = v f formed by the force and velocity vectors, which has already been discussed in Section 2.1 and depicted in Fig. 4 . The relevant results are illustrated in Fig. 9 with reference to the test CL#02. It can be seen that the velocity vector is parallel to the force vector (i.e., = 0) only when the slider centre (point P 4 in Fig. 6 ) is going through the centroid of the primary sliding surface, point P 5 , a situation that is identified by the condition u x = u y = 0, compare Fig. 9a) and b) . In all the other kinematic configurations, the restoring force F r , characterized by a radial re-centering direction, generates deviations of the total resisting force opposed to the active seismic force (the latter being parallel to the trajectory traveled during the isolator motion). On the other hand, the friction force keeps the same direction as the velocity vector throughout the duration of the test. As a result, the maximum angular shift occurs concurrently with the maximum radial displacement as illustrated by analyzing Fig. 9a ) and b) simultaneously, with even higher than 90 and a mean value over the entire duration of the test equal to 23 , cf. Fig. 9c ). Once again, we emphasize that these deviations would cancel out in a uni-directional loading condition (because in this case the restoring force would be parallel to the traveled trajectory) as well as under general multi-directional excitations but flat (not concave) sliding surface (because in this case the restoring force would be zero as R eff ! 1 in Eq. (9)). Furthermore, by inspection of the time histories reported in Fig. 9b) we note that the angle of the velocity vector v anticipates that of the force vector f , which is physically reasonable: the velocity is the cause that produces the reactive force, i.e., the direction of the force vector arises as a consequence of the trajectory traveled during the test. Mean values of the angular shifts measured for tests CL#01 and CL#03 are 11 and 44 , respectively, thus indicating a dependence on the friction coefficient or, equivalently, on the vertical load acting on the FPS. Indeed, for higher contact pressures the friction coefficient (and the friction force accordingly) reduces, therefore the restoring force, which is responsible for the angular shift, contributes to a larger extent to the overall resisting force.
According to the testing protocol reported in Table 2 , mono-directional excitations consisting in the single cloverleaf longitudinal and lateral component have also been analyzed in order to highlight the salient differences in comparison with the bi-directional counterpart. In Fig. 10 the force-displacement loops obtained for the longitudinal and lateral directions are compared for the bi-directional and mono-directional case. It is observed that the hysteretic loops in the bi-directional case are narrower than the corresponding loops in the mono-directional case. This is due to the contemporaneous sliding motion occurring in two directions as compared to the uni-directional test. No abrupt inversions of motion occur in the bi-directional case since the magnitude of the velocity vector is always non-zero although in certain time instants the single components v x and v y are zero (more specifically, in the four points having horizontal and vertical tangent in the cloverleaf trajectory shown in Fig. 7 ). This concept is clarified in Fig. 11 where the time-histories of the longitudinal and lateral reaction forces are depicted. The displacement components under bi-directional excitations may be significantly higher than the corresponding components in the mono-directional case. Consequently, neglecting the bidirectional interaction could lead to considerably overestimate the dissipative capacity of the 162 kN m). These results are consistent with the experimental findings [13] , in which reduction of the dissipated energy of 23% and 41% are observed in the longitudinal and lateral direction, respectively. The slight differences between numerical predictions and corresponding experimental results are ascribed to other aspects that so far have been neglected in the FE model, above all the thermal effects and the influence of heating phenomena arising at the sliding interface, which increases friction reduction in the bi-directional case due to the coexistence of sliding motion components in two directions.
Variable friction coefficient: thermo-mechanical coupling analysis
The dependence of the friction coefficient upon sliding velocity (taking into account also the breakaway effects at motion reversals) and above all the temperature rise at the sliding interfaces should be properly accounted for in the numerical model. To this aim, according to the remarks outlined in Section 2.1 and the general formula reported in (8), a new customized Fortran subroutine governing the friction coefficient has been implemented in the FE code [6] . This thermo-mechanical coupling (TMC) subroutine generates a variability of µ (from node to node) with sliding velocity and temperature according to the following conditional expressions
The meaning of the coefficients entering the developed TMC subroutine is the following: µ st is the static friction coefficient; µ min and µ max are the dynamic friction coefficients in the lowand high-velocity range, respectively;u 0 is a small (positive) velocity threshold identifying the transition between the stick and slip phase; the ↵ parameter controls the rate of change of µ with sliding velocity; T 0 is the initial (environmental) temperature that is also the temperature threshold for identification of friction degradation due to heating phenomena; the parameter governs the rate of change of µ with temperature. It is worth noting that a linear interpolation between µ st and µ min is assumed in the range kuk = [0 u 0 ], whereas an exponential trend is adopted for kuk >u 0 in line with the expressions (7) proposed by Constantinou et al. [5] . A fully coupled thermo-mechanical problem is therefore addressed in which the thermal solution affects the structural solution (since µ depends on the local temperature) and, in turn, the structural solution affects the thermal solution (since heat generation is produced by contact friction at the interfaces). Details of all the thermal parameters involved in the fully coupled thermo-mechanical analysis are here omitted for the sake of brevity. We limit ourselves to point out that the introduction of the PTFE pads above and below the slider (cf. Fig. 6 ) is necessary to account for the low thermal conductivity of the PTFE as compared to the stainless steel so as to properly reproduce the thermal solution in the FE TMC model.
The main results in terms of hysteretic loops are reported in Figs. 12 and 13. It can be seen that the developed subroutine is capable of capturing the breakaway effects at motion reversals occurring in the mono-directional tests. On the contrary, the bi-directional tests does not imply any abrupt inversion of motion as the magnitude of the velocity vector is always non-zero; as a result, no sudden increase of the friction coefficient is predicted except for that at the start of sliding motion, which does involve a momentary sticking of the interfaces [14] not only in the mono-directional but also in the bi-directional test. The variability of µ with the sliding velocity is highlighted in the vicinity of the motion reversals, where the sliding velocity reduces (and tends to zero in the mono-directional test) as can be inferred by inspection of Fig. 5b) . Finally, the friction coefficient evolves over the course of the test since heating phenomena arise at the sliding interfaces that contribute to a significant friction degradation: this is evidenced by the subsequent loops appearing narrower than the first loop in Figs. 12 and 13. When comparing bi-directional and mono-directional results in Fig. 12 , more pronounced reductions of hysteretic loops are found as compared to the Coulomb friction hypothesis (constant µ) previously analyzed in Fig. 10 . Reduction of the energy dissipated from the bi-directional to the mono-directional case increases from 10% (constant µ) to 13% (µ = µ(v, T )) in the longitudinal direction, and from 37% (constant µ) to 47% (µ = µ(v, T )) in the lateral direction. This enhanced reduction is due to an augmented and more widely distributed temperature increase in the bi-directional case as compared to the mono-directional path (caused by higher heat fluxes spread over a broader area). Obviously, the simplified Coulomb friction model cannot capture this phenomenon because the temperature field has no effect on the friction coefficient that remains constant both in the bi-directional and in the mono-directional tests.
Strictly speaking, the thermo-mechanical coupling parameters entering the developed subroutine (11) should be tuned so as to fit the friction degradation observed experimentally [13] . In this contribution, we have not carried out sophisticated curve-fitting procedures to accurately calibrate the best-fit TMC parameters based on the experimental data. Only qualitative plots using preliminary estimates of the TMC parameters are here reported to show the overall ef-fects of the modeling assumptions on the expected results. Further considerations about the most appropriate TMC parameters as well as on the temperature profiles in the bi-directional and mono-directional loading paths will be discussed in a forthcoming study.
Concluding remarks and future developments
A numerical investigation has been carried out to scrutinize the mechanical behavior of FP isolators when subjected to bi-directional motion. First, a few considerations concerning the kinematics of the device and the distribution of the contact forces at the sliding interfaces have been discussed. These considerations justify the different behavior of the FPS under bi-directional and mono-directional excitations, with the latter representing the single longitudinal and lateral components of the bi-directional path. The numerical investigation has been supported by the development of a three-dimensional FE model of a full-scale FP bearing. A customized friction law has been specifically formulated via a Fortran subroutine and implemented into the FE-code in order to incorporate the main physical phenomena occurring in real experimental tests. These phenomena include the breakaway effects that become manifest at the beginning of the sliding motion or at each motion reversal, the dependence of the friction coefficient upon sliding velocity, and the friction degradation over the repetition of cycles which is induced by frictional heating arising at the sliding interface. To properly account for the latter effect, a sophisticated thermo-mechanical coupling analysis has been performed in which the thermal solution and the structural solution affect each other, thereby implying that an iterative scheme must be adopted to identify the correct solution for both problems.
The majority of these aspects are not appropriately accounted for by the structural engineers that, when designing a base-isolated building, often rely upon a simpler 1D schematic idealization of the base isolation system, which may lead to a significant to underestimation of the displacements and overestimation of the dissipative capacity of the isolator, with errors up to 50%. Moreover, the technical standards [1, 7] allow the isolation system be modelled with equivalent linear viscoelastic behavior or simple bilinear elastic-plastic constitutive law with constant friction coefficient, which are both simplistic idealizations of the actual hysteretic behavior recorded experimentally. These simplifications may induce additional numerical errors in terms of forces, displacements and energy dissipation prediction.
Although restricted to single pendulum devices, most of the above considerations also apply to the double pendulum devices and, apart from the required geometric modifications, the developed TMC FE-model can easily be extended to deal with the increasingly popular FPS with double concave configuration. The numerical investigation carried out in this study represents the basis of a more extensive numerical assessment of the FPS thermo-mechanical behavior under bi-directional excitations. The generalization of these results to a variety of multi-directional paths and more detailed analyses of the temperature profiles is the object of an ongoing research.
